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ABSTRACT
We exploit the hypothesis that the divergence of a partially con-
served dilatation current is a good interpolating field for scalar
particles, as proposed by Kastrup and Mack. By means of Ward identity
techniques for dilatation and chiral SU(2) x SUM transformations,
we show that dimensions of length can be determined without any use
of the canonical formalism. We obtain canonical dimensions of length
if we assume single particle dominance. In general the dimensions
of length have to obey certain sum rules which involve three-point
functions describing strong interactions of (JP=O+ ,IC=0 )-mesons.
February 1970
* Research supported by the Air Force Office of Scientific Research
Grant Number AF AFOSR 1268 -67 and the Dational Aeronautics and
Space Administration, Grant Number NGL 10-007-010.
I1. Introduction.
The hypothesis of approximate dilatation and special Liouville
(conformal) symmetries in particle physics was investigated in refs.
[1,2] by means of equal time commutation rules for their generators
with certain interpolating fields. The equal time commutator of a
field operator F(x) with the time-dependent generator D(xo) of the
dilatation is [3,4]
i [D (xo ) , F (x) ] _ ( -Q,F + x, a V ) F (x) ,	 (1)
where tF, is the dimension of length of F(x). One has 2^ _ -1 for a
canonical scalar or pseudoscalar field ^, whereas in a quark model
k^ _ -3 if one sums in a naive way the dimensions of length of the
quark fields which constitute ^.
As shown by Kastrup [1] the dimension of length of the pion-
field, i 7T , is intimately related to the number of resonances in the
I = 0 s-wave 7-7 scattering channel. For Q.r _ -1 there are at least
three such resonances whose normalized interpolating fields are
called aj (x) (j = 1,2,3) . If the divergence d(x) = a ut (x) of the
dilatation current 
Tv 
is taken as an interpolating field for these
scalar, isoscalar particles (assuming not more than three scalar
resonances) then d(x) consists of three parts:
d(x) = b 1 cl l (x) + b 2 a 2 (x) + b 3 Q 3 (x) .	 (2)
a l (x) is taken as interpolating field of the WOO). The fields
a j (x) (j = 2,3) are supposed to be chiral SU(2) x SU(2) invariant.
2
f
The "scalar meson dominance model" of refs. [1,2] then yields,
the relationships [1]
4
bj ga jTr7r 
_ 
4 mj (3)
(mj is the mass of the j-th particle) between the a-wave function
constants b  and the a j -n-n coupling constants gaj ,R ,R . Eq. (3) was
obtained with the help of a sum rule for the I = 0 s-cave phaseshift
in n-n scattering.
In ref. [2] the wave function constants were determined by ex-
ploiting the transformation properties of the a-fields under the chiral
SU(2) X SUM and SU(3) x SU(3) groups [5,6]. It was assumed that
the divergences 3 11A  (x) (a = 1,2,3) of the axial vector currents
and the a l field belong to the (2,2)  SU(2) x SU(2) representation.
That is, we have
iSd 3 Y[a l (Y), Aa(x)] xo=yo = n/b l 3 uAa W ,	 (4)
and
iCd3 Y[A
a (Y) , 3uAb (x) ]	 i= b /n a (x) d ab	 (5)J	 o	 u	 xo=Yo
	
i
Here
n = td-t j +1 ,	 (6)
where R j and td are the dimensions of length of Aau and 3uAu
3
respectively. Experiments indicate that the a-commutator (5) is an
isoscalar [7]. With this assumption one finds, for example,
b l
 = n 1/2 u m l F 7T ( - k i -kd -3) 1/2 .	 (7)
Reasonable pion-pion scattering lengths as well as very encour-
aging values of scalar meson decay constants were obtained in this
way. As eq. (7) shows, these results depend on the dimensions of
length of the axial vector currents and their divergences. However,
imposing additional symmetry requirements on these fields yield
consistency relations between their dimensions of length. For example,
commutation of eq. (5) with D(x o ) gives
k Q - kd - k  = 3	 (8)
1
by means of the Jacobi identity.
Thus, different interpolating fields for a given particle may
have different dimensions of length which, however, have to obey
consistency relations arising from symmetry requirements. The
canonical commutation relations are invariant under dilatation only
if the appropriate canonical kF , i.e., the dimensions of length of
free canonical fields are chosen [4]. However, we do not know
whether relatio., (1) with canonical k  remains true if one does,
for example, a perturbative calculation in the presence of inter-
actions. Above all, dimensions of length can be important for
u pion mass, F
IT 
PCAC constant.
4
calculation of particle processes.
Therefore, in order to discuss the dimensions of length in the
presence of strong interactions, we exploit Ward identities for
special three-point functions obtained from approximate chiral and
broken dilatation symmetries (Sec. 2). In this context it is important
to notice that we shall not use the Lagrangian formalism. In partic-
ular, we shall not of course fix the dimensions of length of
interacting fields by using the canonical commutation relations.
It turns out (Sec. 3) that the dimensions of length of the pion
field and of the SU(2) x SU(2) currents have to fulfill certain sum
rules. These sum rules involve three-point functions describing
strong interactions of (IC=O+ ,JP=0 ) mesons which simplify in the
single particle dominance picture for two-point functions. Canonical
dimensions of length are obtained if one applies single particle
dominance for three-point functions as well.
We wish to point out that renormalization effects on dimensions
of length have also been discussed by Wilson [8].
2. Three-Point Functions.
Let us first state generalized Ward identities for three-point
functions containing the divergence of the dilatation current d(x).
These identities follow from commutation rule (1) applied to
pseudoscalar and axial vector fields.
We take the limit of vanishing momentum transfer for the pions
(i.e., p -)- 0) observing that no pole terms arise as may be seen from
the relation of the dilatation current to the canonical energy momentum
tensor in a Lagrangian field theory [3,4] and from the fact that there
5
ais no hadron with rest-mass zero coupled to this current.
Thus
lira Vd ( q,p) ab = ( 2Q + 4 + qc ate) A (q) d ab	 (9)P=O
and
lim Vd (q ► P)ub = -i C^	 ^	
a
2 (Qj + Q + 4 + qc 
aq 
)0(-q)ub ,	 (10)
P O
where ( a=1,2,3)
Vd(q,P)ab = r dx dy exp(-ipx - iqY) < OIT(d(x)'ra(Y)7Tb ( 0 )) ^0>	 (11)
and
Vd (q ► P) ab = C!-, dx dy exp(-ipx - ty) <OIT(d(x)AU(Y)T b (0)) 10>	 (12)
11	 7T S
describe the a j - 7r-7 and the A 1 -Q j - 7 couplings ( j=1,2,3). 7a (x) are
the (renormalized) interpolating fields for pions defined by the
PCAC relation
a11AVa(x) = Cn 7T (x) , C71 = F 711 2
	
(13)
and A(q) is their propagator. * A u(x) are the strangeness conserving
The conventions for the metric ect. are those of ref. [10].
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1axial vector currents. F ,r is the pion decay constant and u the pion
mass. LTC = Z., and 
Z  
are the dimensions of length of the fields
Tra (x) and Aua (x), respectively, and
A(q) a' = Idx a +iqx<O+T(AU a (x) 3 VAb (0)) 10>.11
Using the definition of the off-mass-shell amplitude F(q 2 ) for
the leptonic decay of the pion
C7Tqu F(g2)aab = (u 2 -g2 ) n ( q )ab ,	 (14)
where F(u 2 ) = F 7 , we rewrite relation (10) as
2
C TrVd (q, 0) ub = -i6 q2-1 2 [R ,1 +Z i +3-g2 u u2 + 2q 3=q I F ( q 2 ) .	 (15)
We expect from PCAC that F ( q 2 ) = F V) for O^g 2<u2. In the appendix
we give an estimate for the slope of the 7 72 - amplitude F(q 2 ) as g2iu2
which indicates that pion pole dominance in eq. (15) is a resonable
approximation also for higher q2.
Following the procedure of ref. [9] with the normalizations
b.
<O+d (0) (cJ (q)> = — 1(2Tr) 2q0
f e
<01A 11 a (0) 1 A , b (q ) > =	 A u 
A 
(q)6 ab
(27) 2qO
where E uA (q) is the A l meson polarization vector satisfying quCVA(q)
0 on the A l mass-shell and fA a wave function constant, we define
ITthe reduced particle amplitudes dab and rd '^ 	 by (q 2 = q+p, q l = q)
[1,2]
Vd(g1,P)ab = -A(%)t,(g2)rd(g1 g2 , P x ) ab ,	 (16)
x
and
Vd (g l p) ab = -A(gx)AAV(gl)rd(gl,p)ab,v11
(17)
+ i6(gl)0(gx)gluu-xrd(gi,g2,p2)ab^
The A1-propagator
_1
A (q) _ Sda p (a) guv-quq.aPV )
	
q 2 - a
satisfies the relation
q^^(q) _ -qU CA . CA= Sda a 1pA(a)
The a-poles of the three-point functions are not separated out
in eqs. (16) and (17) and the diagonalization on the JP = 1+ and 0
channels is done with the replacement of A a (y) in eq. (12) by
au(y) - 11-2 a u a^Aa (y), where f -l aa is the A 1 -interpolating field.
A subtle point here is that if we consider the above mentioned
replacement as an operator identity, then the transformations of the
fields au and a u a VA^a under dilatation have to be such that eq. (1)
for Au a holds. We adopt the point of view of ref. [8], that the
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currents belong to the basic set of fields with unique dimensions
of length. We have X  = - 3 if we require that the current algebra
relations are invariant under dilatation, whereas with X . = kr
the rels. (4) and (5) are invariant.
Rel. (9) was considered in ref. [1] and yields on the pion
mass shells
2 ru t r0) ab = 2p2dabrd(11 
By comparison of the (double) pole terms in the eqs. (15) and (17)
we retain rel. (18) .
The Ward identity which correlates the three-point functions
Vdab and Vdab u is obtained by the local version of the commutation
relations (4) and (5) and by the assumption that a j (x) (j=2,3) are
chiral invariant. Thus
b
ig l uVd (g l ,p) ab
 = Vd tg l ,p) ab - M ab,(g l +p) +	 1 & ab E d (p).	 (19)
nC 
2
r
whe re
Ed(p) = -i Idxe +ipx<OIT(a I (0)d(x)) 10> .
The commutation rule (4) is a consequence [2) of rels. (1) and (2).
if a.
3
	are chiral invariant. However, commutator (5) is
an additional assumption about the divergence of the dilatation
current.
The reduced amplitudes are then related by means of the
Ward identity (19)
9
(18)
-iCAglvrd(gl ,p) ab,v = A (q l
 
)(p-q1 )U 2 r d ( g2 g2'P2) 	 ab +	 (20)
b	 _
+ M ab -	 12 d^ A 1 ( q 2 ) Ed(p)n
3. Dimensions of Length.
We now exploit the pion pole structure of the three-point
functions given by eqs. (16) and (17) together with the Ward
identities (9), (10) and (15). These latter identities follow
from dilatation only. We then obtain expressions for the dimensions
of length of the pion field and the SU(2) x SU(2) currents which
may indicate their renormalization by strong interactions.
For example, we can write red.. (9) as follows:
2u 2 [r d (g 2 ,g 2 ,O)^ - 2g 2 )/u 2 -q 2 = 4u2 (k ,r+2) -1 7T (g 2 )r d (g 2 ,g 2 ,0)	 +
+ 2q 2 [2u2(In(g2)(g2-u2)+2u2]-1 + A 1(q2)
	
a 11^(g2),
a  
2
In this form the limit q 2 + 112 u.,Ly be performed by using 1'Hospital's
rule and eq. (18). A similar statement is valid for rel. (15).
The following notation has been used here:
CO
	
C	 a)2u 2 A (q) = 2 i2 + I^ (q2 ) = 2u 2 [ (q 2 _ V 2 )    -1 + J da Q2 - 2 ] .
g2 -u 2	 gut	 g u
Isospin invariance implies
rd ( g 2 ,q , 0, ^ = 6 rd (q2)
rd (q,0)^' v	= 6 rd (q)v
10
Thus, in the limit q 2
 -Y
 112
k +1 = -I (u2 ) _ 1 a_ r (q 2 =u 2 )IT	 n	 2 3q  d
and
k ,r +k j+3 = -2I ,r (u 2 ) - iCAgVrd(q)Yg2 =u 2 a 2 rd(g2 =u 2).
aq
Putting the above equations together yields:
-iCAq,r d (q) v g 2 =u 2 = 1+(k 7T+1) - (91 j+3) .
This is just rel. (20) at q2=u2, P=O, showing that no contra-
dictions arise frc..n the above mentioned symmetry requirements.
Finally we have
kj+3 = 1+iCAgV ra(g 2 )1 g 2 =u 2 - 2 L-- rd (g z=u 2 ) - 1 (u2).
aq 2
It is important to appreciate the fact that eqs. (21) and
(24) are derived independently of any approximation such as single
particle dominance. Let us now assume pion pole dominance for
the 0 -spectral function of the axial vector currents; then we
obtain from rels. (9) , (10) and (15)
Zrd(g2 ) = (k7r+1) p
-1 (q) 
_ P 2 .
(21)
(22)
(23)
(24)
(25)
i.e.,
and
- 2 a	 I'd (q 2 ) _ ° + 1
aq 2
11
f^
-i11 2 CAgv r d (q) v = [A- 1(q) +112][1+(kIT+1) - ( k i +3)]	 (26)
for all q 2 . In this approximation rel. (20) gives eq. (7). We
obtain the canonical k ,r if (and only if) in addition r d (g 2 ) is
a constant, as in the case of strict pole dominance for the three-
point function.
Without making such approximations canonical k 7 and k  are
obtained only if
2 a	 rd(g2=112) _ -I^ ( 1 2 ) < 0	 (27)
aq 2
-iCAgv r vd (q) g 2 =V 2 = 1.	 (28)
No canonical formalism was used in deriving these results. If these
equations do not hold, the dimensions of length are different from
their canonical values, and the canonical commutation relations of
strongly interacting fields are no longer invariant under dilatations.
In the above situation renormalization effects on k,r, 
z  
(and hence
on k 6 from eq. (8)) are essentially due to strong interactions of
i
(e =0+' IG = 0+ ) two-pion resonances. An analysis of the Thirring
model [8] shows that in particular models the situation can arise,
in which the transformation laws (1), i.e.k F , for local fields
change as the coupling between the fields changes (cf. eqs. (21)
and (22)).
Part of this work was done at the University of Munich with
financial support by the Deutsche Forschungsgemeinschaft, which is
gratefully acknowledged. I am very much indebted to Dr. H.A. Kastrup
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for many stimulating discussions. i am also grateful to Dr. G. Mack
for helpful remarks. Finally I wish to thank Professor B. Kursunoglu
for the kind hospitality at the Center for Theoretical Studies of
the University of Miami, where the paper was completed.
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Appendix
As eq. (20) shows, the deviation of the exact three-point
function from pure pole dominance at p = 0 arises from the slope
of the n^ -amplitude. One can compute this slope at the pion mass
2
shells by means of a Ward identity for the pion propagator which
follows from commutation relation (5):
nbI <010 ( 0) 10> _ A(q ) + Cn 1g2F(g2 ) (u 2 -q2)
- 1	 (Al)
n
From this we get
n—^ <01 
a1 (0) 10> = 
u
- 2 + (' 
dal a- la (a)	 (A2)
Tr ) gu
noting that F(q 2 ) is free of singularities at q 2 = 0. According
to rel. (A2) the a l -vacuum expectation value must not vanish because
otherwise the pion spectral function itself vanishes. Equating
the right hand sides of eqs. (A2) and (Al) we obtain, as q 2 -> u2
-1 a	 2_ 2	
00 a (a)	 daCT 3q2 F(g	
) - gut a U -a
Provided that the K-mass is about 1 GeV and that we assign a
mass of 1.4 GeV to the third 0+ 0+-resonance as done in ref. [2],
then up to 1.4 GeV only the a j - 7(j=1,2) - and p-T - two particle
states contribute to a(a). Contributions from higher a-values to
the integral in eq. (A3) are strongly damped.
For the a j -n-7 couplings we use data of the " scalar meson
dominance model" [2], e.g.,
14
(M)
m 2
g- 1	 1 , m l = 700 MeV ,	 (A4)
61 Tr Tr - ,/48 uFTr
while g p,r7T is determined by the p-width. The a -contribution is
supposed to be much weaker than the 6 1 -contribution because of the
relation
	
gQ 2 Tr = 0.11 ga2 TrTr	 (A5)2	 1
between the coupling constants [2]. In order to estimate the r. h. s.
of eq. (A3) we use constant off shell coupling "constants", i.e.,
g6? Tr Tr
6 (a) Q^TT - 15Tr^ D (^ )
and
2
6 (a)p7T = g^ (a 2 - 2 (m p g + u 2 ) a- (m p g - u 2 )) ^ p (a)
where
(a-(m - u) 2) 1/ 2
(a) = 0(u)u1^2 a (a
	 u	
, u = a-(i	 - u) 2
-
Then
-u2
	
9, Tr + ^J + 3 FTr 3q2 F (q 2	 = u  )
is of order 10-4 if we take -1 > QTr, z  > - 4 [8].
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